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Introduction
Liquid yield option notes, LYONs, are zero coupon convertible bonds that can be called by the issuer or redeemed by the investor at different prices through time. It is a proprietary product of Merrill Lynch, that created it in 1986. The complexity of the bond makes it more difficult to value and to sell, and the underwriter typically compensates this charging a higher underwriting fee (see Becker and Long, 1997) .
This security has been priced, in a simple and practical way, by McConnell and Schwartz (1986) (MS hereafter) . They assume that the value of a LYON depends on the issuer's stock price and that the interest rate is constant. These assumptions allow them to develop a model that captures most of the features of this security. However, as they point out, these assumptions may have an important impact on the pricing of LYONs.
The first assumption precludes the possibility of bankruptcy and overstates the value of the LYON, while the second assumption has a mixed effect. Uncertain interest rates would increase the value of the put and call features for the investor and the issuer, respectively. Thus, by assuming constant interest rates, the model understates (due to the put feature) and overstates (due to the call feature) the value of the LYON.
Consequently, the net effect of stochastic interest rates will depend on the characteristics of the LYON.
MS also assume that the conversion and redemption strategies followed by investors and the call strategy followed by the issuer are "optimal", i.e. investors follow conversion and redemption strategies that maximize the value of the LYON, and the issuer follows a call policy that minimizes the value of the LYON. However, the empirical evidence 1 seems to indicate that the call policies of most firms are not optimal.
1 See Ingersoll (1977) , for example.
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In this paper, we develop a more sophisticated model for pricing LYONs, incorporating stochastic interest rates. We find that the value of the LYON can increase substantially with the market price of interest rate risk and the correlation between interest rates and stock returns.
This article is organized as follows. Next section presents the valuation model. In Section 3, we apply the model to the pricing of a particular LYON issue. Finally, we conclude with Section 4.
The Model
For completeness, we first present the MS model. They assume that the value of the LYON, L, depends upon the issuer's stock price, S, which follows a geometric Brownian motion process. That is,
where µ s is the drift of the stock price process, D(S, t) is the total amount of dividends paid at time t, and σ s is the instantaneous volatility of stock returns. MS use standard arbitrage arguments and show that the value of the LYON must satisfy the following
where r is the instantaneous risk-free interest rate (assumed to be constant in the model) and the subscripts of L represents partial derivatives. The boundary conditions for this equation are given by the different features of the security:
• Maturity condition: L(S, T ) = max(XS, F ), where X is the conversion ratio (num-ber of shares of the issuer's common stock into which the LYON can be converted), and F is the face value of the LYON.
• Conversion condition: L(S, t) ≥ XS. This is true at any time, t, prior to or equal to maturity, T .
• Put (or redemption) condition: L(S, t p ) ≥ P (t p ), where t p are the times at which the LYON can be redeemed, and P (t p ) are the redemption prices.
• Call condition: L(S, t) ≤ max(C(t), XS), where C(t) is the call price of the LYON at time t ≤ T .
Because of the complexity of these boundary conditions, no closed-form solution for the value of the LYON is known. MS use finite differences 2 to solve equation (2) and compute LYON prices.
In this paper, we extend the MS model and assume that interest rates are stochastic.
To avoid complexity, we suppose that the term structure of interest rates is given by the instantaneous interest rate, whose dynamics can be described by the following stochastic differential equation (SDE)
Here, the interest rate converges to its long term mean, µ r , at the velocity rate of α, and the conditional volatility of changes in the interest rate is proportional, with coefficient σ r , to r.
Expressions (1) and (3) are related trough ρ, the instantaneous correlation coefficient between changes in interest rates and changes in stock returns; that is dZ s dZ r = ρdt.
Thus we use the Brennan and Schwartz (1980) one-factor interest rate model, which belongs to the family of models given by dr = α(µ r − r)dt + r γ σ r dZ r . Our choice of γ = 1 can be justified by the empirical evidence of Chan et al. (1992) , Uhrig and Walter (1996) , and Navas (1999) , whose estimates of γ are 0.77, 1.50, and 1.77 for the German, U.S., and Spanish market, respectively.
We now assume that the value of the LYON depends upon the issuer's stock price and the instantaneous interest rate, which follow the SDE (1) and (3), respectively.
Using no arbitrage arguments, it is easy to derive the following PDE for the value of the
where λ represents the market price of interest rate risk.
To compute LYON prices, we solve equation (4) numerically, subject to the corresponding boundary conditions.
Although we do not intend to perform a formal study of alternative numerical techniques for valuing LYONs, we price them using two methods.
The first one is finite differences. Geske and Shastri (1985) compare finite difference methods with binomial trees for pricing options. They find that, although the binomial model is more intuitive and easy to implement, finite differences are more efficient. This is particularly true in two instances: a) when valuing American options and b) when the underlying asset pays a constant dividend yield. Note that both situations take place for
LYONs. Geske and Shastri also argue that explicit finite differences are more efficient than implicit ones, since they do not require to solve systems of simultaneous equations.
Moreover the explicit method is simpler because it does not require the inversion of 4 matrices. As Hull and White (1990) 
An Application
We study one of the first LYON issues: the Waste Management issue on April 12, 1985.
For a detailed summary of the characteristics of this particular product, see Table 1 .
We first use the HW method to solve the PDE (2) for the case of constant interest rates. We assume that dividend payments are given by D(S, t) = yS, where y is the dividend yield of the stock. Finally, Table 4 shows LYON prices when the SIR model is implemented with LeastSquares Monte Carlo. We also simulate 100,000 paths with 1,600 time steps. We use the same basis functions as before, that is, a constant and the first four Legendre polynomials evaluated at the Waste Management stock price. As expected, LYON prices increase with λ and ρ, but now they are less sensitive to changes in λ. We see that, for the cases studied (λ and ρ ranging from -0.5 to 0.0 and from -0.2 to 0.2, respectively), LYON prices overstate those obtained with the MS model using the HW method.
The results of the LSM technique must be interpreted with care, since for complex securities the robustness of the algorithm to the choice of basis functions does not seem to be guaranteed (see Moreno and Navas, 2003) . Note that LYON prices depend not only on the current stock price, but also on the whole term structure of interest rates.
Thus, the basis functions for the regressions in the LSM method should probably include some polynomials evaluated at the current stock price, some others evaluated at current bond prices of different maturities, and cross products of these polynomials, to account for correlation between stock and bond prices. Unfortunately, there is no unique way to do this. The face value of each lyon is $1000, the maturity is January 21, 2001, the conversion rate is 4.36 shares of stock per bond. Waste Management may not call the bond prior to June 30, 1987, unless the price of their common stock rises above $86.01 (the stock price on April 12, 1985 was $52.25). After that date, Waste Management can call the bond at any time before than or at maturity. If the lyon is called between the dates shown in the table, the call price is adjusted (at a rate of 9% per year compounded semiannually) to reflect the interest accrued since the immediately preceding call date. The investor can elect to put the bond to Waste Management only on the dates given in the table. McConnell and Schwartz (1986) model is solved using the explicit finite difference method of Hull and White (1990) and the Least-Squares Monte Carlo technique, respectively. The parameters of the model are dividend yield y = 0.016, stock price volatility σ s = 0.30, and current interest rate r = 0.1121. Table 2 , implemented using the explicit finite difference method of Hull and White (1990) . Columns 4 to 9 provide LYON prices for the stochastic interest rate model implemented with the finite differences method of Hull and White (1990) , for different market prices of risk and correlation coefficients. The other parameters of the model are α = 0.3142, µ r = 0.077, and σ r = 0.3442. 
Final Remarks

